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ABSTRACT. Let B be a normed vector space (possibly a Banach space,
but it could be more general) and {X, n} a sequence of B-valued independent
random variables on some probability space. Let S, )".,_lX M= supnlSnl
and S = lim,S,, is norm, whenever it exists. Assuming that S exists or M < o
a.s. and given certain nondecreasing functions ¢, we find conditions in terms of
the distributions of IX,{l such that E(p(M)) or E(p(lISI))) is finite.

Let {“n} be a sequence of elements in B and {en} a sequence of inde-
pendent, identically distributed random variables such that P{e 1= 1} =
P{el =- l} = %. We prove some comparison theorems which generalize the
following contraction principle of Kahane: If {An} is a bounded sequence of
scalars, then Ze¢,u,, converges in norm a.s. (or is bounded a.s.) implies the cor-

responding conclusion for the series ZA €, u,. Some generalizations of this

e
contraction principle have already been carried out by Hoffmann-Jérgensen. All
these earlier results are subsumed by ours.

Applications of our results are made to Gaussian processes, random

Fourier series and other random series of functions.

1. Introduction. Let (2, F, P) be a probability space and (B, B) a measur-
able space where B is a linear space over the real field R! and B a o-algebra of
subsets of B which is compatible with the linear structure of B, i.e.

(1.1) (x, ) — x + y is a B|B x B measurable map from B x B into B, and

(1.2) for A\ER?, x €B, the map (A, xX) — A\x from R! x B into Bisa
BIB, x B measurable mapping, where B, denotes the Borel sets of RY.

DEFINITION 1.1. A function X from & into B, which is B|F measurable,
will be called a B-valued random varigble. If X, ..., X, are B-valued random
variables, then we call them independent if, given A, ... , 4, € B,

P(X,€A4,,...,X,€EA,) = H P(X; € 4)).

i=1
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An infinite sequence of B-valued random variables on (2, F, P) is said to be a
sequence of independent B-valued random variables if any finite subset of the
sequence is independent.

DEFINITION 1.2. A measurable norm on (B, B) is a mapping x — [Ix|
from B to [0, =) such that

(1.3) lixll = 0if and only if x = 0,

14) lix +y0 < lixll + Uyl

(1.5) Il = I\ lixll, X real, and

(1.6) {x €B: lIx|l <a} € B for all a €R*.

If B is a Banach space, then its norm is a measurable norm in the sense of
Definition 1.2, B is taken to consist of the Borel sets.

If X is a B-valued random variable on (2, F,P) and || |l is a measurable
norm on B, then [|X|| is a real-valued random variable on (2, F, P) in the usual
sense. From now on we will assume that B has a measurable norm ||« [l.

Let {X,, n > 1} be a sequence of B-valued independent random variables
on (£, F, P). We will always write

17 S, =ZL,X;,

(1.8) M, Sup1<,<,,||Si||,

(19) N, = sup, ¢j<nliX;l,

(1.10) M = supj5, lIS;ll,

(1.11) N = sup;5, X1,
and if S,, converges in norm, then

(1.12) $=27 X,

When B = R! the question of convergence of S, has been very satisfactorily
answered by Kolmogorov’s three-series theorem. However, there are no compre-
hensive results when, e.g., X,, are independent Banach space-valued random vari-
ables. Extensive results exist in special cases, like the study of random trigono-
metric series or Gaussian processes (for references see [4], [5]), but even in these
cases results are not complete.

In this article we will assume that S exists, or that M << a.s. Then given
certain nondecreasing functions ¢ we find conditions in terms of ¢ and the distri-
butions of [|X,, || such that E(p(M)) or E(¢(llSI)) is finite, where E' denotes ex-
pectation. Some of our results appear to be new even when B = R! (see, for
example, Theorem 3.6).

For earlier work in this direction, we mention the result of Landau and
Shepp [6], who showed that if {X,} is a sequence of real-valued Gaussian ran-
dom variables such that Z = sup, |X,| < as., then E(exp(eZ 2)) < oo for some
€ > 0. Fernique [2] obtained a similar result. Kahane [S] proves results of this
nature for random trigonometric series involving Rademacher sequences, and Hoff-
mann-Jorgensen [3], whose paper stimulated our present research, considers the
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same question we do when g is a power. Most of these results, often in stronger
form, will be rederived. These references will be discussed in greater detail in
appropriate context later on.

In §2 we give some more notation and preliminary lemmas. §3 contains
the main results. An important special case is discussed in §4, where X, is of
the form v,Y,,, v,, a nonrandom element of B and Y,, a real-valued random vari-
able. A counterexample given in this section shows how drastically the situation
differs from the usual real-valued case.

In §5 we also consider the case where X, is of the form v,Y,. What we
show is essentially this. If sup,lIZF_ v, Y, [l <eo as.and if {£,} isa sequence
of independent symmetric random variables that are smaller than the {Y,} in
some appropriate sense then sup, IZF _ ;v &l < oo as. also. A similar result
holds if the first series converges. Furthermore, results of the type

obler £l <ollee [ £ )]

for certain convex functions ¢, also hold. These results are actually extensions
of the contraction principle of Kahane [5].

Applications of the results of §§3, 4 and 5 to Gaussian processes, random
Fourier series and other random series of functions are given in §6.

Note. After these results were submitted for publication, [3] appeared in
the form of [3a] with certain results in improved form over those of [3]. Con-
sequently some special cases of our results are now equivalent to the results in
[3a].

n

2 Uik

2. Preliminaries and notation. We will add to the definitions and notation
given in the previous section. Some well-known results, that will be needed later,
will also be given here.

DEFINITION 2.0. A B-valued random variable X on (2, F, P) is said to be
symmetric if
2.1 PX€A)=P(-X€4), AE€B.

For symmetric random variables we have the following inequality of P.
Lévy (see [5, p. 12] for a proof).

LEMMA 2.1. Let {X,, n > 1} be a sequence of symmetric, B-valued, in-
dependent random variables such that S = 2,5'°=1Xi exists, then, for all A > 0,
.2) PM >N <2P(ISII > N).

Note that one can take X; = 0 forj > n, then (2.2) applies to M, and S,
in place of M and S, respectively.
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The distribution function F of a real-valued random variable X on (2, F, P)
is defined by

2.3) F(x) = P(X <x).

For a real-valued measurable function g on R!, G a right-continuous func-
tion with bounded variation on compact sets, g dG will always denote the integral
of g with respect to the measure u determined by G on R! by setting u(a, b] =
G(b) — G(a).

If ¢ is a nondecreasing, continuous function on R?, F a distribution func-
tion (right-continuous, nonnegative, nondecreasing, lim,_, . F(x) = 0, lim,_, .F(x)
= 1)and @ = 1 —F, then for — o0 < g < b <o we have the well.known integra-
tion by parts formula

@4 [l 51 9F = A@)0(@) - ¢(0)20) + [2Qdo,

where I, ,)(x) = 1 or 0 according as x € (a, b] or x € (a, b]. If the limit as
b — oo exists for the left side in (2.4), then p(b)@(b) — 0, and consequently
limy_, o.f ,’,’ Q dy exists. In this case we also have

25) f(a,")‘p dF = p(@)0@ + [ Qdy.

If 92 0, ¢(0) = 0, and X is a nonnegative finite random variable with
distribution function F, then

26) E@(X) = [, 0dF = [ Qdo,

by (2.5).

Notation. We will write I[4] to mean the indicator of the set A. ® will
denote the class of all finite-valued nonnegative, nondecreasing, continuous, func-
tions on [0, ), which are not identically zero. Let &, = {p € &: ¢(0) = 0}.

For ¢ € &, we shall write

2.7 #a(x) = () [x > a].

The abbreviation “a.s.” stands for “almost surely”. (2, F, P) will be used
generically for a probability space. E will denote the integration operator on
L', F, P).

3. Integrability of ¢(M) and o(l|S1)). Let {X,, n > 1} be a sequence of
independent B-valued random variables on (2, F, P). Let ¢ € ®. The main
results of this section, Theorems 3.3, 3.6, 3.8 and 3.11, give conditions in terms
of ¢ and the distributions of [|X,,|| under which (M) and ¢(|lS1l) are integrable.

The following lemma is part of Theorem 3.3, except that more restrictive con-
ditions on ¢ are imposed there.
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LEmMA 3.1. Let {Y,, n = 1} be a sequence of independent nonnegative
random variables on (2, F, P). Let g € ®. If N = sup,Y,, then

BI)N<w as. and E(pN)) <o ¢ a> 0 suchthat Y E(p,(Y,) <.

n=1

REMARK 3.2. If ¢ =1, then (3.1) reads as

(32) N<owoas. & g>0,suchthat Y P(Y,>a)<ee

n=1
ProoF oF LEMMA 3.1. If ¢ is bounded, then, using the facts that ¢ is non-
decreasing and not identically zero, it is easily seen that (3.1) reduces to (3.2).
We prove (3.2) first. Using independence,

PN>u)y =Y P(Y, <u,...,Y;_, <u, ¥;>u)
j=1

(33 -
= 'Zl a- aj(u))P(Yj > u),
i=

where a(u) = P, [Y, > ul) | POV > u). If N <o as., then 3u, such
that P(N > u,) < '. Therefore from (3.3) we have ZA(Y; > u,) < . Con-
versely if the right side in (3.2) holds, then Z;P(Y; > u) — 0 as u —> o, hence
from (3.3) we then have lim,_, ,P(V > u) = 0. Hence N < as,

For the general case, let Ny = max, ¢;<;Y;- Then using independence,
we have

PNV, >u)=1- f] (1-P(Y,>u)>1-exp (— zk; P(Y,,>u)),
n=1

n=1

hence letting k [ o, we get

34 P(N>u)>1-exp (— i P(Y, > u)).
n=1

Assuming the left side in (3.1), we have Z,_,P(Y,, > a) < for some a >0
by (3.2). Hence

(3.5) lim Y P(Y,>u)=0,
U—roco n=1
and there exists a > 0 such that 2 _, P(Y, > a) < %, we have

l oo ©0
5 L né:l P(Y,, > u) do(u)
(3.6) .
< f :’ [1 —exp (— Y HY,> u)>] do(u) < E(p(N))
n=1
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by (3.4) and (2.5). Also by (2.5) we get

(X)) Zx [P, > u) dotw) = Zl E(p,(Y,) — ¢(a) zl P(Y, > a).
n= n= n=
Combining (3.6) and (3.7) gives the right side in (3.1).
For the converse, observe that since ¢ is continuous we have

38) 2 < Y 0u(Y,).
n=1

Since y is nondecreasing and not identically zero, Z_ ; E(,(Y,))) < = implies
the right side in (3.2), hence

©o

> E@,(Y,) <==N<e as. and E(p,(V)) <ee.
n=1
The result now follows by observing that E(p(V)) < ¢(a) + E(p,(N)).
The assumptions on ¢ in the following theorem are satisfied by all continu-
ous regularly varying functions, i.e. functions of the form ¢(u) = ¥ y(u), p = 0,

¥ a continuous slowly varying function near e, The exponential case is given in
Theorem 3.8.

4 THEOREM 33. Suppose M = sup,|IS, || < a.s., and let N = sup,, X, |I.
If ¢ € ® and satisfies (4u) < cp(u) for some ¢ > 0 then the following state-
ments are equivalent:

(a) E@V)) <>

(®) E(pM)) <o

(© 3a> 0 such that Z;_,E(o, (11X, 1)) < o,
where ¢,(x) = p(x)I[x > a].

Furthermore, if S = Z;_ X, converges a.s., then each of the above state-
ments is equivalent to

(d) E(p(lISN)) <0 and, for ¢ € ®, lim,_, . E(p(IIS - S,1)) = 0.

We shall need the following lemma from Hoffmann-Jgrgensen ([3, Theorem
3.1], [3a]). The proof is a modification of the argument in Kahane [5, p. 16].
We reproduce the proof for completeness.

LemMmA 3.4. Let X, be symmetric, independent, B-valued random vari-
ables on (2, F, P). Let F,(u) = P(IS,ll > u), Gu) = P(N > u). Then for
t>0,5s>0

3.6) Fi (2t +5) < G(s) + 4F2(2).

ProoF. Let T =inf{n = 1: |IS, || > ¢}. Since IS, |l > 2t + s implies
T <k, we have
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k
37 F 2t +s5) =3 P(T =], ISl > 2t +5).
i=1
If T=jand ISl > 2t + s, then |IS;_, | <¢, and IIS; = S;ll = IS, = S;_, —X;ll
= ISl = IS;_ I = X1l = ¢ + s = N. Hence

P(T =], ISl > 2t +5) SP(T =, IS, = S;ll =t +5-N)
338" SHT=j, IS, =Sl 20 +PT=jN>s)
=PT = PP(IS =Sl > ) + (T =j,N>s)
using independence at the last step. Summing on j and using (3.7') we get

(39) F (2t +5) <P >s) + zk; P(T = )P(IS, = S;ll > ).
j=1

By Lemma 2.1 we have

(3.10) P(ISy, = S;ll > 1) < 2P(IS Il > 1)
and
f P(T=j)= P( max_ IIS;]| > t>< 2P(IS, Il > 1)

Combining (3.9), (3.10) and (3.11) we get (3.6").

ProoF oF THEOREM 3.3. We have already shown (a) ¢ (c) under less
restrictive conditions on ¢. To see that (b) = (a), note that X, [l < IS, Il +
IS, _ 4 l. Hence taking the sup over n = 1, we have N < 2M, and so (V) <
V(2M) < p(4M) < cp(M). We now show that (a) = (b). Note that we may
assume ¢(0) = O without any loss of generality. We first assume that the X; are
symmetric random variables. Then by Lemma 3.4 we have

(3.12) f ;" " (41) do(t) < 4 j : F2(2) do(t) + f ;‘ G(t) dp(D),

where Fy(u) = P(IS; |l > u), G(u) = PV > u). Since ¢(0) = 0, by integration
by parts the left side in (3.12) equals E(p(llS; [|/4)), which dominates ¢~ E(p(lIS, )
since p(4t) < cy(?). Hence (3.12) gives

(3.13) [ € 'F(0) = 4FE(®) di(t) < EGoV).

Since M < o a.s. by assumption, there exists a ¢, such that for t > ¢, (M > ¢t)
< (8¢)~!. Hence for t > ty, F,(f) < (8¢c)~! for all k > 1. Hence

(3.14) ) :; ©YF (1) - 4F2(1)) do(t) > % { :‘; Fo(f) du(?).
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Combining this with (3.13), we get

(3.15) (IS, D) < elto) + 2¢E(e(V).
By Lemma 2.1
(3.16) P max, 1,0> 1) < 22(Is, > .

This together with (3.15) gives

3.17) E (w( (max. IS, u)) < 2¢(t,) + 4cE(oV)).

This shows (a) = (b) in the symmetric case. In the general case, we use symmetriza-
tion. Let {X,,, n > 1} be the given sequence and {X, ;,, n =1} an independent copy.
Let N' = sup, X, |l and M' = sup,|IS,|l, S, = X; + +++ + X, . Note that

tp(Sup Ix, - X u) <oV + N') < o2 max(V, N')

< cp(max(V, N') < c[o(V) + oV")].

Hence

(3.18) (V) <“=E(¢(SEP Ix, - X, u)) <o,
Applying our result for the symmetric case, we have

(.19) E(cp(m;p X, - X' u» <o E(¢(s:p IS, - S ||)) <o,

It remains to check that
(320) E <¢(Sup Is, - S, |D) < 00 = E(p(M)) < .
n
To see this, let ¢ = 0 on (—<°, 0), then
(321) E(.p(Sup IS, —S,',II))?E(go(M-M')),
n

and by the independence of M, M’ and Fubini’s theorem, we have

(322)  E(pM-M")) <=3y >0 such that E(pM — y)) < .
Since M —y = M/2 on the set {M > 2y}, we conclude that

(G23) E (¢ (Sl;p IS, - s,',u)) <o [, 002 dP <



INDEPENDENT VECTOR-VALUED RANDOM VARIABLES 9

Since E(o(M/2)) < p(y) + [ (r>25) ¢(M/2) dP, and by assumption ¢(4u) <
cy(u), it follows that

(324) E <¢ (Sl':p s, -, 19) < 00 = E(p(M)) < .

Hence (3.18), (3.19) and (3.24) prove (a) = (b) without the assumption of sym-
metry.

It remains to prove the last part of the theorem. Since ||S|l < M, we have
that (b) = E(¢(lISl)) < e°. In the symmetric case Lemma 2.1 gives P(M > u) <
2P(lISIl > u), and so E(p(lIS1)) < o = (b). In the general case the validity of
this conclusion follows via symmetrization. Hence (b) < E((lISI])) < eo. Since
2M > |IS, — Sl — 0 a.s., (b) implies (by the dominated convergence theorem)
that when ¢ € @, E(¢(lIS,, — SI)) — 0 as n —> oo, This completes the proof
of the theorem.

If p(u) = uP for some p = 0, then, as we already observed, v satisfies the
conditions of Theorem 3.3, and we get the following important corollary. This
should be compared with Hoffmann-J¢rgensen’s Theorem 3.1 [3], where he shows
that E(NP) < o0, p > 0 = E(M?) < for 0 < g < p. (The improved version of
Theorem 3.1 in [3a] also gives parts (a) and (b) of this corollary.)

COROLLARY 3.5. Suppose M <o as. If p> 0, then the following are
equivalent:

() EQVP) <oy

(b) EMP) <o

() Z,—E(X,IPITIX, Il > a]) <ee, for some a > 0.

Furthermore, if ZX,, converges a.s. and S represents this sum, then each
of the above statements is equivalent to

(d) E(lISIIP) < o and E(IIS,, — SIP) — 0 as n —> oo,

If the Xj’s are independent, real-valued, random variables, then combining
Theorem 3.3 with Kolmogorov’s three-series theorem, we get

THEOREM 3.6. Let {X;,j = 1} be a sequence of real-valued independent
random variables on some probability space (2, F, P). If ¢ € ® and satisfies
o(4u) < cp(u) for some ¢ > 0 and all u = 0, then

EX,. converges a.s.,

E[o(IZX;D) <,
and if p€E

tim, . E[(IZ}2,X;)] = O
if and only if the following three series converge for some ¢ > 0:

@ ZEXIXI<c]),
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() ZHEQTINX;I<c]) - E* (XX, <cD)},
(©) ZE@IX;DIIX;1> c]).

REMARK 3.7. When ¢ = 1, this theorem reduces to the three-series theorem.
Proor. First assume (a), (b), (c). Since ¢ is not identically zero, the other
conditions on ¢ imply that @(u) > 0 for u > 0. Since

iZE(so(IXjI)I[lX,-I > c]) > 0(c) LP(X;| > o),
]

(c) implies that Z,P(LX;| > ¢) <. This together with (a) and (b) imply that
ZX; converges by the three-series theorem. By Theorem 3.1 the condition ©
above then implies that E(p(IZX;[)) <, and for ¢ € @, E(<p(|E;;anl)) —0
as n —> o, Conversely, if ZX; converges, then (a) and (b) follow from the three-
series theorem and E(p(IZX;[)) < * implies (c) by Theorem 3.3.

We next consider the case when ¢(x) = exp(x). In this case it turns out
that we do not quite get the expected analogue of Theorem 3.3 but Theorem 3.8
is satisfactory for a number of interesting cases.

THEOREM 3.8. Let {X,, n > 1} be independent B-valued random variables
on (R, F, P). Suppose M = sup,|IS, [l <o a.s., and for some a > 0, > 0 and
§>0

(325) 3 Efexp(@llX, lllog! *® I,/ [IX,, I > a]} < .
n=1

Then there exists an € > 0 such that E[exp(eM)] < e°.

For convenience in writing we will prove the theorem for § = 1; it should
be obvious how to modify the argument for any § > 0. Actually, one can re-
place log! 2 |.X,, |l by a more general nondecreasing function of |IX,[l. We will
not go into that.

We first prove the following lemma.

LemMA 39. Let {X,, n > 1} be independent B-valued random variables on
(Q, F, P). Suppose M = sup, IS, || <o a.s. and that (3.25) holds. Let Fy(u) =
P(IS, |l > u) and y(u) = E[exp(aV 1og?N)I(N > u)]. Then forall ¢>0,¢>0
and k 2 1 we have
E(exp(ellS, ) < exp(der) + 3 exp(e2™* *)(8F(t/4)*
n=0
ad n+1 n-s+1
(326) + Y exp(er2"t3) 3 (82y(is~ 225 2))?
s=1

n=0

« exp(—ars~ 22" Hog?(ts~ 2257 2)).
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PrRoOOF. By Lemma 3.1 the assumption (3.25) is equivalent to

(327 E(exp(aN log?N)) < oo,
From this we conclude that foru >0
(3.28) Gu) = P(N > u) < y(u)exp(—ou log2u).

Applying Lemma 3.4 with ¢ = 2"t and s = (n + 1)722"+ 1, we get
(329) F 2" (14 (n+ D~ 2,1 <4FFQ2"t) + GQR" 1 (n + 1)7%1)).
Define ¢, by tue equation 2"¢; = 2"(1 + 1/n?)t,, then

F,(2"t)) S4F2(2""'t,) + GQ2"n~2t,).

Substituting ¢his in (3.29) and continuing recursively (making repeated use of
the inequality (4x + »)" < (8x)" + (8y)", x = 0, y = 0) we get

F R0+ @+ )", ]
(3.30)

n+1 n . e i
S@F(t,2 )+ [B2GQR™ ! Ty, e+ 1-))"N]%,
i=0

where ¢; is given by
1
tin,=[1-——m= )¢
I+ ( 1+(n+1—j)2)’

(31
=t‘(l—1:n2)<l—1+(;lz—1)2)m (I_H(nl—+1—1)5>>t_‘lt'

Hence we get from (3.30) and (3.31)

+1 n+1 —-s+1
(3.32) F(2"* %) < BF(t,9)? + Y [86¢, 2 %2 .
s=1

In subsequent uses of (3.32) we will substitute ¢ for ¢,. For € > 0, we have

E(exp(eliS, ) < - i f( , exp(ex) dF,(x) + exp(4e?)
n=2

(333)

nt'zn“'" 1 t]

<exp(det) + 3 exp(e2"T3)F, (2" 2)).
n=0
The estimate for G(u) given in (3.28) is now used in (3.32), and the resulting
estimate for F,(2"*2¢) is then used in (3.33) to get (3.26). This completes the
proof of the lemma.
ProoF oF THEOREM 3.8. We will establish this only in the symmetric
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case. The general case is then established by the familiar symmetrization pro-
cedure. The proof consists of showing that one can pick ¢ sufficiently large and
€ sufficiently small, independent of k, such that the right side in (3.26) is finite.
Note that y(u) < ¥(0), where y(u) is defined in the statement of Lemma 3.9.
Setting v, = max(82y(0), 2), we can dominate the right side in (3.26) by

exp(4er) + Y exp(er2"*3) (8Fk(t/4))2nH
n=0

(334)

+ 3 exp(er2"t3) - 'yan * exp(—ar2"~2?)
n=0

provided ¢ is chosen large enough so s~ 2log?(ts~22572) > 2~ 1. Clearly such a
choice of ¢ does not depend on k. Now pick ¢, larger if necessary, so that
v,exp(—az/8) < % and 8P(M > t/4) < %. (Here we use M <o as.) Such a
choice of ¢ having been made, pick € > 0 sufficiently small so that exp(4ef) <
5/4. For such € > 0, t > 0, it is clear that the expression in (3.34) is finite.
Hence there exists 0 < 4 < oo, and € > 0, both independent of k, such that

(335 E(exp(ellSel)) < A.

By Lemma 2.1 and integration by parts this implies E(exp(eM})) < 24, inde-
pendently of k. Using the monotone convergence theorem the proof is com-
pleted.

ReMARK 3.10. Even when (3.25) is not satisfied it is possible to obtain
results of the kind E[p(M)] < = for ¢ of exponential type. For instance suppose
(3.25) is satisfied only when [IX,, || is replaced by 1X,,[I* for some 0 <a < 1.
Under these conditions we could show E(exp(eM*)) <eo. The proof begins with
Lemma 3.4 but the recursion is carried out differently. The choices of ¢ and s in
(3.26) determine the size of the terms involving G which in turn determine the
necessary conditions for the theorem.

The following result holds if one imposes even more restrictive conditions
on the X,,. We are indebted to the referee for the proof of this theorem that is
given here. It is considerably simpler than our original proof.

THEOREM 3.11. Let {X,, n > 1} be independent B-valued random vari-
ables on (2, F, P). If there exists a sequence {a,} of positive numbers such that

(336) sup X, (W)l <a,, lima,=0
w n

and S = E;; 1X; convergesa.s., then for all € > 0, E[exp(ellSI)] <ee.

PROOF. As before, we may assume that the X,,’s are symmetric. It is also
clear that we may take a, {. Let
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k+n
Zk X;

ji=

(3.37) M(k) = sup
nz0

. Stk =X X
j=k

then M(k) — 0 a.s. as kK — oo, and there exist positive numbers ¢, — 0 such
that

(3.38) P[M(K) > t,] <e 2 <P[M(K)>1t,].

Moreover, by Lemmas 2.1 and 3.4 we have for ¢t > 0
PM(k) > 2t + a; ] <2P[lISK)I > 2¢ + a,]

339
339) < 2P[sup x> ak] + 8P2[IIS(k)I > t] < 8P [M(k) > t].
>k

From (3.38) and (3.39) it follows that there exist constants A, such that, for
t2>1t,, PIM(k) > t] <A,‘e—e"' where €, = (t, +a;)"! — o ask — oo, If
€ > 0 is given, we may pick k large so that €, > €, and with this choice of %,
observing that ISI| < ZX=} a; + M(k) we have, for £ > t;,, P[ISI| > 1] <Be k'
for some B, <. This clearly suffices to conclude that E[exp(ellSll)] < ee.

4. A special case. In this section we will examine the results of the previous
section in a special situation. We let

4.1) X,=v,Y, n>I,

n-n’

where v, are nonrandom elements of B and the Y, are independent real-valued
random variables. Sy, My, S, M, N have the same meaning as before with X, =
v,Y,. The questions that we are going to consider are of the following type: if
the Y, are independent, sup,E(|Y,[P) < e for some p > 0, then does M < o
a.s. imply E(MP) < o or even E(M?) < = for ¢ < p? The answer is that this is
true only if additional conditions are imposed either on the distributions of |Y,,|
or on the sequence {llv,ll}. Otherwise, we will show by a counterexample that
M need not have any finite moment even though Y, does and M < as. The
situation in the exponential case is somewhat different and is considered in
Theorem 4.7.

The assumption that M < e a.s. imposes a necessary condition on the
distribution of Y, and on [lu,|l. Since M <o as. implies N < as., it follows
from Remark 3.2 that there exists u > 0 such that

42 2Pl 1Y, 1> u) < o,

Using this observation we can show that if either the distribution of Y|
or the sequence {llv,ll} satisfies some regularity properties then moments of M
exist. One such result is the following:

THEOREM 4.1. Let Y, in (4.1) be independent and identically distributed
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random variables. Let F(u) = P(IY,| <u)and Q = 1—F. Assume that Q is
regularly varying and E|Y|P < e° for some p > 0. Suppose M < a.s. Then
EMP~¢) <o, 0<e<p.

ProoF. This is essentially Theorem 6.1 in [3]. It also follows easily from
Corollary 3.5.

It is easy to see, by constructing a counterexample, that the theorem is
false for € = 0.

In the next theorem we will show that if P(IY; | > u) does not decrease to
zero too fast as u — oo, then the regularity of {llv, I} is enough to insure the
existence of moments of M.

THEOREM 4.2. Let Y, in (4.1) be independent and identically distributed
random variables. Assume that for some p > 0, E(|Y,|P) < o but E(|Y,|?) = o
for q>p. Let {lv,|l} be regularly varying and M <o a.s., then E(MP™¢) < oo,
0<e<p.

ProoF. Without loss of generality we may assume [lv, |l # O for all n.
Furthermore, since rearrangement of terms will not affect the result we may
assume {llv,|I} is a nondecreasing sequence. Let o = 0; o; = Ilvill‘l forj= 1.
Since M < as. and Y; identically distributed, (4.2) allows us to conclude that
o; [ . We write F(u) = P(IY,| <u); @ = 1 — F. The sequence {o;} is regularly
varying, hence
4.3) o =j°Ij)

for some 8 = 0 and / a slowly varying function. By [1, Corollary, p. 274] we
can find a regularly varying sequence {§;} such that

) fo=0 f=re[flcoind] i>1
and
4Js) }E?o ﬁ,'/ai =1,

for some v > 0, €(y) — 0. For a > 0, we have

E(Y,1%) = i f x9 dF(x) < i a%od, | [0(acy) ~ Q(acyy,)]
j=07 i=0

“i'a“i+l)

“.6) <y 87, 1 [0(acy) ~ Oaay; )]
j=0

<’ X Qe , ~ B <yt Zo Q(acy)* 41 (),
= =

for some positive constants ¢, and c,, by using the representation in (4.4) for
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B;. By (4.2) we have for somea >0
.7 2.0(aa) < eo.
j

Since E(|Y,|9) = o for ¢ > p, (4.6) and (4.7) imply that 6 > p~1. If > p!,
then E,-llv,-llp =3I, i79PI"1(j)<oo and consequently by Corollary 3.5 we have
E(MP) < oo, Therefore assume § = p~!. We now proceed to check condition
(c) of Corollary 3.5 with p — € in place of p. In order to check this note that
we already have ZQ(aa;) < o for some @ > 0 by (4.7). Also

llu, "p—efw ,0) duP—¢ < n=1+e0p—pre(y) 3 f:lpl:.'-lQ(u) duP—¢€
j=n

allv, I~ 18j

©o
< c3n'l +e61-P+e(n)z Q(azai)lp—e(j)j-eo
j=n
for some positive constants a;, @, and ¢;. Now

i p =10 pre(y i Q(a)1P~(j)i~°

n=1 j=n

= i < i n—l+eOI-P+e(n)> Q(aza,-)l”“e(j)j‘e" < ¢4 il Q(azaj) < oo
j=1 j=

n=1

by using [1, Theorem 1, p. 273] and (4.7). Hence condition (c) of Corollary 3.5
is satisfied and the proof is complete.

We will now give a counterexample that shows that even though the Y,,’s
are independent identically distributed, E(Yf) <o, and M <o as. (indeed
Z,v,Y, converges as.), E(M€) = o for every € > 0.

ExaMPLE 4.3. We take B = C[0, 1], the space of continuous functions on
[0, 1] with the sup norm. For ¢ € C[0, 1], we will denote its sup norm by lpll.
For j >0, let ¢; > 0 be given by

0 fortg (2771, 27),
o} (1) ={2/*? fort=3.272,
linear in between.

Thus the 9 form an orthonormal system in L2 [0, 1]. Define
“3) % = 9

where the \; are positive real numbers and will be chosen suitably later. Let
Yi' j 2 1, be independent identically distributed randon variables on some
(2 F, P), each with distribution F. We will pick F later so E(Y?) <o, Let

4.9) 0(x) = P(IY,| > x),

and define
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(4.10) S (EIDINY(3) X
i=0
The following lemma gives necessary and sufficient conditions for the uni-
form convergence of the series in (4.10).

LEMMA 4.4. Let v, Y; and Q be as above. Then the series in (4.10) con-
verges uniformly if and only if
4.11) > 0@/ly;l) <, Va>o.
j=0

Proor. Since the v; have disjoint supports, the series in (4.10) converges
uniformly as. if and only if for almost all w, Va > 0,3ny(a, w) such that

(4.12) sup (Il 1Y;]) < a.
n> no

By the Borel-Cantelli lemma, (4.11) holds if and only if (4.12) holds. Hence
the proof.

We now proceed with our example. We write
“4.13) Y= llv,-"_l.
For m > 1 let u,, = 2™(m=1)/2_and pick ;> 0 so that
4.19) 4=ty foruf+-eectul j<ud 4o +ud,,.
Also define

(m*u2, )"t for2=m-DI2y <x<27miy,
1 forx € [0, 1].
We first check that E (Y’) < oo, which follows from

f xQ(x)dx <1+ z(m )@y, ) <.

m—

We also check (4.11) which is equivalent to checking

(4.16) 12 Qay) <

(4.15) 0x) =

for all a > 0. From (4.14) we get for 0<a <1

.17 Z Q@)= 3 2"+ DgG,,).

m=1

Given 0 < a < 1, there exists m,, such that for m = m,
2-m=DI2y  <aqu, <27M, .,

hence
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Z 2m(m+l)Q(aum)< Z 2m(m+l)(m2ur2n+l)_l<°°

m=m m=m,
and (4.16) is checked and by Lemma 4 4 the series in (4.10) converges uniformly a.s.

We will now show that E(||S|I¢) = o° for all € > 0, where S = Z y;Y;. By
Corollary 3.5 we have

4.18) E(ISI) < 3 E(l, 1Y, 11 [1Y,] > a/lv,lI]) < e

n=1
for some g > 0. We will show that the sum on the right side diverges for alla > 0.
Now

E(llv, 1Y, IITIY )1 > afllo, 1)) = v, i€ f(a oo m)ue dP(Y,| <u)
n »

€—1 = e—1
a/llv,, nQ(“)“ du=e f: Ou/llv, IDu¢ =" du.
Hence recalling (4.13), (4.14) and (4.15) we see that the sum in (4.18) dominates

—~ (= -1 = - (m+1 -1
enz__;l Id 0y, x€~ 1 dx emgl 2m(m )f: O(xu,, )x*~! dx

€
> ellv, |

> (m-1)/2
m(m+1) (2 e—1
>e mZ;:n 2 f : QCxu,,)xt =1 dx

> Z 2m(m+l)Q(z(m-l)/zum)(ze(m—l)ﬂ - e)
m=n

= Z 2m(m+l)(mzu'2n+l)—l(2e(m—l)/2 _ae)’

m=n
where # is chosen large enough so 2("~1)/2 > g and equality at the last step fol-
lows by observing that 2= ("=1)/2y < 2(m-DI2y <3-m/2y . The last
sum clearly diverges and the demonstration of the counterexample is complete.
REMARK 4.5. By a similar argument, for any p > 0, one can choose the
Y,’s such that E(]Y,|P) < oo, M <o as. and E(M€) = o for every € > 0.
We now consider the exponential case in the following theorem.

THEOREM 4.6. Let X, be as in (4.1). Suppose M < a.s. If for some
a>0,8>0,¢>0,andallu>1

P(IY,,| > u) < exp(- ou log! *°u);
(4.19) -
> exp(— 8 log! *¢ 1 ><°°,

=, o, I o,

then there exists € > 0 such that E(exp(eM)) < oo,
PROOF. First observe that M.< e a.s. implies N = sup, || X/l < as.
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Hence by Remark 3.2 there exists 2 > 0 such that

(4.20) EP( ™ ") < oo,

Let F,(u) = P(X,, <u),Q, =1 — F,. We apply Theorem 3.8. Hence we look
at (6>0,b>0)

Zf[b )exp(aulog”"u)d (@)

=2 {Q,.(b) exp (85 log! *¢b) + f: 0, () d(e®* Iogl+cu)}

n=1

and for b > max(a, 1), using (4.19) and (4.20)

o [ au u
<A+B - 1+¢ 1+c¢
”Z=:l f . exp( o1 log v, ")exp(28ulog u) du,

where A, B are finite constants. By (4.19) there is a ¥ > 0 such that |jv, |l <7,
hence we can dominate this last expression by

421 A+B ( Jogt*te X )du,
“21) sz P\ ol % gl

for some 8 > 0 by picking & sufficiently small. Since b can be chosen as large as
we wish, the convergence of

exp (- log'™¢ —
2 p( oIl 2 Ilv,,ll)

n=1

implies that of the expression in (4.21). Hence by Theorem 3.8 the result follows.
If the Y,, are uniformly bounded random variables, then we have the follow-
ing immediate consequence of Theorem 3.8.

THEOREM 4.7. Let X, be as in (4.1). Suppose that |Y,| < A << a.s.
for all n, and that either

@) llv,ll <B < forall n, or

(b) Y, are identically distributed.
Then M < = a.s. implies that for some € > 0

422) E(exp(eM)) < .

PrROOF. M < o as. implies sup, (lv,lIlY,]) < e as., hence under (b) we
must have sup,, [lv, || <B for some B < e. Hence (b) implies (a) and it is enough
to prove the result under (a). If (a) holds, then [|X, [l = llv,ll|Y,| <AB as. for
all n. Hence (4.22) follows from Theorem 3.8 by taking a > AB in (3.25). This
completes the proof.

Theorem 4.7 is proved in [S, Theorem 4, p. 27] when {Y,} is a Rademacher
sequence. Under the added condition that Z X,, converges to S, (4.22) is also
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obtained with [|S|| replacing M. In the next theorem, which is a special case of
Theorem 3.11, we have this result holding for all € > 0.

THEOREM 4.8. Let {X,} be as in (4.1). Suppose the Y, are independent
identically distributed and sup,|Y,| <A <eas. IfZ;_,v,Y, converges to S,
then

(4.23) Ye>0, E(exp(ellSlh) < .

REMARK 49. If B=R!, {Y;} a Rademacher sequence, then it is known
that E(exp(ellSII2)) < e for all € > 0. It is likely that this is true when B is any
separable Banach space. We will obtain this stronger result in §6 under additional
conditions. In fact, this result will apply to any sequence of independent uniformly
bounded, symmetric random variables {¥}.

5. Comparison theorems for sums of independent vector-valued random vari-
ables. Let {u,} be a sequence of elements in B and {¢,} a Rademacher sequence
of random variables on some probability space (2, F, P), i.e. the €, are indepen-
dent, identically distributed random variables such that P[e; = 1] = P[e, = —1]
= 1%. Kahane [5, Theorem 5, p. 18] gives the following very useful result which
he calls a contraction principle: 1f the random series Z,._, €,u,, converges in
norm a.s. (or is bounded) and A, is a bounded scalar sequence, then the random
series 2,7, €,\,u, converges in norm a.s. (or is bounded). Our aim here is to
generalize this contraction principle in several directions. The nature of the gen-
eralizations leads us to call our results comparison theorems.

Let {n,,, n > 1} be a sequence of independent, real-valued, random variables
on a probability space (2, F, P) and {u,,, n = 1} be a sequence of elements in B.
We will be concerned with the following questions: If the series Zim My is
a.s. convergent (or a.s. bounded), and if {£,} is some other sequence of indepen-
dent, real-valued random variables (possibly on a different probability space) such
that £, is “smaller” than n,, in some sense, for all k£ = 1, then is the series
Zi=1 &cuy as. convergent (or a.s. bounded)? Also, if ¢ is a nondecreasing, non-
negative convex function defined on [0, ), and

5.1 El:cp (sup zn: Melly >]< oo,
n k=1

or if the series converges a.s., and
> < m,

(5.2) E [¢<

then do (5.1) and (5.2) remain valid if the n,’s are replaced by the “smaller”
£.’s?
Our results include the above mentioned result of Kahane and its generaliza-

2 Ml
k=1
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tion by Hoffmann-Jgrgensen [3]. Many of their ideas are used in our proofs. We
also use a technique of Pisier [8]. Before stating the main results we introduce
some notation.

If the random variables of the sequence {n,, k = 1} are symmetric, then
they are said to be uniformly nondegenerate if there exist @, b > 0 such that

(53) Pl =>al >b, Vk=>1.
In general the n; are called uniformly nondegenerate if there exist c, d > 0 such that

(54 Pln, —ml =cl >d, Vk>1,

where {n,} is an independent copy of the sequence {ng}. Clearly (5.3) can be
included in (5.4) but it will be convenient to have both definitions.

REMARK 5.0. All our results that will be stated below involve two sequences
of independent random variables {n,} and {£,} which could be given on different
probability spaces. Since the results depend only on the finite-dimensional distri-
butions of the 7, ’s, and the finite-dimensional distributions of the §,’s, and not
on the structure of the underlying probability space(s), we can assume that both
sequences are defined on the same probability space. (We can simply take the two
sequences independent of each other.) We will often need to introduce a Rade-
macher sequence which is independent of {n,} and {{;}. Hence even if the two
sequences {n;} and {§,} were originally given on different probability spaces, without
any loss of generality we will assume that there is a basic probability space (2, F, P)
=(Q, x &,, F; x F,, Py x P,) such that the sequences {n,} and {§,} are given
on (2,, Fy, P;) and an independent Rademacher sequence {e,} on (Q,, F,, P,).
They are then defined on the product space in the usual manner. E,,E, and E
will denote expectation operators with respect to P,, P, and P. On occasion we
will choose (22, F,, P,) and (R,, F,, P,) in some suitable manner.

Our first results are stated for symmetric n,’s. Remark 5.0 applies to each
result.

THEOREM 5.1. Let {u,, k > 1} be a sequence of elements of B and {n;}
independent, symmetric, real-valued random variables on the probability space
(Q, F, P). Assume that the m,’s are uniformly nondegenerate. Let {§,,k > 1}
be independent, symmetric, real-valued random variables on (82, F, P) such that,
for some x 20,0<a <1,

(5) Pliml = x] = aP[lg | > x],

for all x 2 x,. Then

<o g.s.

(5.6) sup
n

and

n n
Y mugl| <o as.=sup || X Euy
k=1 n k=1
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oo o
G D Myl converges a.s. = Y. £ u, converges a.s.
k=1 k=1

If in addition the £, are uniformly bounded, then (5.5) is satisfied, and we
get the immediate

COROLLARY 5.2. Let {u;} and {n;} be as in Theorem 5.1. If {§,} isa
sequence of independent, symmetric, real-valued, uniformly bounded random vari-
ables on (2, F, P), then (5.6) and (5.7) hold.

THEOREM 5.3. Let ¢ be a nonnegative, nondecreasing, convex function on
[0, ). Let {u,}, {n;}, (&} be as in Theorem 5.1. Suppose (5.5) holds with

on el se]<ee ool

n

(-8) E [w(sup E Nl
n k=1

if Z;—, mu, converges a.s., so does Zy—, & Uy, and in this case (5.8) holds

with |2 || replacing sup, IZ¢_,ll.
If xo > 0in (5.5), let a, b be any values for which (5.3) holds. Then

Pl £ o]
(59) . E[‘p(% - )] + %E[&p(% sup él Nl )]

If 22| muy converges a.s. so does Zy—y & u; and (5.9) holds with |25, |l
replacing sup, IZ7_ Il

n
Z Exuy

S A

n
Z MUy
k=1

All the proofs will be given at the end of this section.

The symmetry of {§.} is essential to our method of proof; however, in most
cases we can remove the symmetry assumption on {n,}. That this cannot always
be done will be shown by examples later in this section.

In the general case, when the 1, need not be symmetric, we will need
another uniform condition, that there exist a ¥ > 0 and a § > 0 such that

(5.10) Pl <+l =8, Vk=>1
We then obtain

THEOREM 54. Let {u;} be a sequence of elements of B, and {n;} a
sequence of independent, real-valued random variables on (2, F, P) that are uni-
formly nondegenerate. Also assume that {n} satisfies (5.10) for some vy > 0 and
8> 0. Let {§,} be independent, symmetric, real-valued, random variables on
(Q, F, P) such that, for some x5 20,0 <a <1,
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(5.11) Plin,| = x] = oP[lg, ] = x]
forall x 2 x,. Then
n n
(5.12) sup | 3 mulf <o as. = sup | 3 gyl <o as.
n|lk=1 n k=1
and
(5.13) > myuy converges a.s. = Y. .u, converges a.s.
k=1 k=1

REMARK 55" If we take &, = €,n,, where {¢,} is a Rademacher sequence
in (2, F, P) independent of {n,}, then Theorem 5.4 shows that if the n, satisfy
(54) and (5.10), then Z7°_ ; m,u; converges a.s. (or is bounded a.s.) = Z7_, €M,y
converges a.s. (or is bounded as.).

For use in an analogue of Theorem 5.3 we define

(5.14) vy = max(x,, 27),
where x,, appears following (5.11) and 7 in (5.10).

THEOREM 55. Let ¢ be a nonnegative, nondecreasing, convex function on

[0, ). Let {u;}, {n} and {&,} be defined as in Theorem 5.4. Then for c, d any
values for which (5.4) holds, we have

o] 0]
cforlgol] bl gl

where ¢, = 4v,/acdd and c, =8/ab, with v, given in (5.14)and v, 8 as in (5.10).
Furthermore, if 2, m, u, converges a.s., then so does Z;_, &, u; and
(5.15) holds with |2, |l replacing sup, IZ7_,|l.

(5.15)

There is also an anlogue of Corollary 5.2, the proof of which follows by
symmetrization from (5.4) and Theorem 5.1.

THEOREM 5.6. Let {u,} be a sequence of elements in B, and {n,} be inde-
pendent, real-valued random variables on (2, F, P) that are uniformly nondegener-
ate. Let {¢.} be independent, symmetric, real-valued random variables on (2, FP)
that are uniformly bounded. Then (5.12) and (5.13) hold.

We will now give some examples to show why (5.4) and (5.10) cannot be
dropped in Theorem 5 4.
In the first example the 1, are nondegenerate, but not uniformly nondegen-
erate. ((5.4) does not hold.) Let B = R! and
u,=0fork=1,2,3,
=(og k)", k>2,
Uypyy = (—logk)~1,k>2.
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Let {n,} be independent random variables with
Pl =1+27%] =P, =1-27%] = %,

Then Z;72 n, u, converges as., but Z;7_, €,m, u, does not converge as. if {€,}
is a Rademacher sequence independent of {n,}. Hence by Remark 5.5', Theorem
5.4 cannot hold.

In the next example {n;c} is uniformly nondegenerate but (5.10) does not
hold. Let {n,} and {u,} be as above, and 0} = 2%n,, u}, = 4,27, then
Ty MUy, converges as., but Ty, €, mj uj again does not converge a.s. and
Theorem 5.4 cannot hold.

The essential role of (5.3) in Theorem 5.1 can be demonstrated in a similar
manner. ,

We begin the proofs with a series of lemmas. The first lemma is an exten-
sion of [3, Lemma 4.1] (see remark below); our method of proof follows Kahane
[5, p. 18].

LEMMA 5.7. Let p be a nonnegative, nondecreasing, convex function defined
on [0, ) and A, N,, . . . real constants such that sup; I\ | <c. Let {u,} be a
sequence of elements in B and {n,} independent, symmetric, real-valued random

variables on (2, F, P). Then
(5.16) E[gp( i Nl >] <E [p(c )]
k=1
>] < E[cp (c sup fn'_‘ MUy >]
n k=1

for each n, and
n
¢.17) E[«p <sup > NNty
n k=1
Proor. We will prove (5.17); the proof of (5.16) is similar. Case (i).
A, =0or 1. In this case

n
E Nily
k=1

n l n n
2 Nemgtty = ’2'< 2 @y Dy + 3 "k“k) .
k=1 k=1 k=1

Therefore

n

n
n k=1 k=1 n

)

n
Z MU
k=1

1
< =
\2<s2p

n
2 Mty
k=1
Since ¢ is convex and nondecreasing, we get

e £l 316 )+ofel el

Since the n, are symmetric Zz_, (2N, — 1), u, and T}_ | n,u, are stochastically

n
,‘Z (ZRk - l)nkuk
=1
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J<elobr|Ened)]

Case (ii). 0 <A, <1. (Since the n, are symmetric we may take A, >0,
¢ can clearly be taken equal to 1 without any loss of generality.) Writing A, in
binary expansion

similar, consequently

n
Elo|sup
(5.18) [(n =

Z Nl

M= 27N Ag=lor0,

we have

).

Now taking expectations and using (5.18) we obtain (5.17) and the proof is com-
plete.

REMARK 5.8. Lemma 5.7 is also valid with {n, u,} replaced by {X}, where
X, are independent symmetric B-valued random variables.

Again, since y is convex and nondecreasing,

n oo .
g:(sup > <Y 27 (sup
n k= i=1 n k=

n
Zl N Mgty El Ag iyl

LEMMA 59. Let {u;} be a sequence of elements in B and {n,} independent,
symmetric, real-valued random variables on (2, F, P) that are uniformly nonde-
generate and uniformly bounded. Assume that

n
Z Ny U

Then for any sequence {§;} of independent, symmetric, real-valued random vari-
ables on (2, F, P) that are uniformly bounded we have

f__: &y

(5.19) sup <o gs.

(5.20) = sup < o gs.,

and E(M) < o, EM") < oo,

Furthermore, if Z;_ | n, u,, converges a.s., then so does Z;-, &, u; and
both |\ Z5= mull and |Z5= & u; |l have finite expectations.

PROOF. Since the 1, are uniformly nondegenerate, (5.19) implies that
supllu,ll < ¢ < oo for some constant ¢. Since the 7, are uniformly bounded we

see from Theorem 3.3 that E(M) < = and the condition on uniform nondegener-
acy is equivalent to

.21 E(Ingl) =B >8>0 for some .
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Let {¢,} be a Rademacher sequence as in Remark 5.0. Notice that {n u,}
and {e; In, lu;} are stochastically similar. Hence (recall Remark 5.0)

I o8 IR Gl )

n

2 by

k=1

)<

By Lemma 5.7 (B, u, replacing u,, €, replacing 0, and A, = ! <p~! by

(5.21)) we get
n
PR ) <o,
k=1

(5.249) E (SUP
n
To go from {¢;} to {;} in (5.24) we make essentially the same argument as

above. By Lemma 5.7
) <qkE, (sup ),
n

where sup, [&,| <c, as. (P;). Using (5.24) and taking expectation with respect
to P, in (5.25) shows that E(M") < e, which of course implies (5.26). This
finishes the proof of the first part of the lemma.

If Z72, mu; converges as., then we can complete the proof of the lemma
if we show that X7, &, u, converges as. The reason being that we can then use
Lemma 2.1 to show that M and M’ are finite a.s. We have just proved that this
implies M and M' have finite expectations, which in turn implies, by the domin-
ated convergence theorem, that [|Z;°. ; n,u, |l and |2, & u, |l have finite expec-
tations.

Assume that Z;7_ | m, u, converges a.s., as above, the fact that the )y are
uniformly nondegenerate implies [|lu, |l < ¢ < *° uniformly in k. It follows from
Theorem 3.3 that

)-e

(5.26) lim E(
By Lemma 2.1 this implies (via integration by parts) that

n—oe
m
> My > =0,

k=n
Introducing {e,} as in Remark 5.0 and writing 8, = E|n,|, the argument that
leads to (5.23) shows that (5.27) implies

n

2 exlngluy

-

n
2 Mily

k=1

=E, (sup
n
Since E(M) < o, (5.22) implies

(523) E(sup

n

2 byt

n

n

2 Exlbgluy

k=1

n
(5.25) E, <sup X
n k=1

Z Nl

k=n

(527) lim E < sup

n—=  \mzn
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)-o

Since (5.21) still applies, we use Lemma 5.7 with A\, = |£,(w)| <¢,;87!, where
1§ (W)l <c; as. for all k, and get

m

Z €xBrly

m k=n

(528) Yim E <S“>P,,

m m
E(sup > exBruy >>Bcl‘1E<sup > elEgluy >,
m2n ||lg=n m2n ||k=n
therefore by (5.28) we have
lim E(sup 2 £l >
n—oco =n

Hence there exists a sequence of integers n, 7 o such that

( > 27k <2k,
m}nk

This implies that Z;7_, &, u, converges a.s. by the Borel-Cantelli lemma. The
proof of the lemma is complete.

Z Exuy

knk

LEMMA 5.10. Let {u;} be a sequence of elements in B and {n;} be a
sequence of independent, symmetric, real-valued random variables on (2, F, P).
Let {&} be a sequence of independent, symmetric, real-valued random variables on
(Q, F, P) satisfying

(5.29) Plin,| = x] = P[lg] > x]

forall x =2 0. Then

(5.30) sup i Nyl <o a.s. = sup i Bl <o as.
k=1 n |k=

and

(.31 i MUy converges a.s. = i & Uy converges a.s.

k=1 k=1

PrOOF. The main idea in the proof is to define {n,} and {£,} on the same
probability space in such a way that |£,] < |n,| a.s. and the finite-dimensional
distributions of each sequence are preserved. Let F(x) = P[In, ] <x], G,(x) =
Pllg] <x],and fory € [0, 1], let f,(¥) = inf{x: Fy(x) =y}, g, () = inf {x:
Gi(x) = y}. In Remark 5.0 let (Q,, F;, P,) be such that on it are defined a
Rademacher sequence {e;‘} and a sequence of independent random variables {y,},
which is independent of {e;c}, such that, for0<u<1,k21,P,(Y; <u)=u.
We then define, for k > 1,7, = fk(wk),?k = g, (V). Clearly {e, 7} is sto-
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chastically equivalent to {n,}and {e;‘Ek} stochastically equivalent to {£,}. Further-
more, given k > 1 we have by (5.29), f,(x) > g,(x) and le} &, = &l < | =

le; T, | as. Hence, without loss of generality, we may assume that {n,} and {§;}
are defined on (R,, F,, P;) and for k > 1

(5.32) 1] < Iyl as.

Let {¢;} be a Rademacher sequence on (K,, F,,P,)and let (2, F,P)= Q, x Q,,
Fy x Fy, Py x P,) as in Remark 5.0. We then have

n

2 Mkl

k=1

sup <o gs.

< as. = sup
n n

n
Z ExMyUy
k=1

Hence for almost all w, € Q, (with respect to P,),

<o as.

n
sup | 3° ey (w,)uy
n k=1
We now apply Lemma 5.9 with n, = ¢, u, replaced by M(w,)uy and &, replaced
by & (w)m(wy)™! (= 0if m(w,) = £ (w,;) = 0). Since &, is symmetric
and uniformly bounded, by (5.32) we conclude that

n

2 exbr(wp)uy

k=1

sup
n

<o as. (P,)

for almost all w; € Q,(P,). This shows (5.30). The proof for (5.31) is similar.
PROOF OF THEOREM 5.1. To begin let us assume that x, = 0 in (5.5).
Let (Q,, F,, P,) be a probability space on which are defined a Rademacher
sequence {e,} and a sequence {;}, independent of {e,}, of independent, identi-
cally distributed random variables such that Py(a; = 1) = g, Pya; =0)=1-0
Note that (Remark 5.0) {n,} and {£,} are on (R, F,, P,). Form the product
space (2, x §,, F; x F,, Py x P,),so that {n,} and {£,} are independent of
{e,} and {o;}. Let & = o, ., k > 1. We have, for x > 0,P[lgl>x] =
aP[|§] > x]. Therefore by (5.5) we get (with x, = 0) P[In,| = x] > P[lt,| >x]
for all x > 0. Assume sup, IZ7_; n,u,ll <o as. By Lemma 5.10 this implies

(5.33) sup <o as.
n

n
2 okl
k=1

Since {o, £} and {e; o, |&, |} are stochastically equivalent, we may replace oty
by €,a;1& ] in (5.33) and by Fubini’s theorem for almost all w, €Q, (with
respect to P,)
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< as. (P,).

(5.34) sup | 3 €xoyclEp(ew)luy
n k=1

Since {oy€,} is uniformly nondegenerate, we apply Lemma 59 with n, = a, €,
1€ (w;)luy, for uy and €, for &, to conclude that

n
(5.35) sup | 3 el (W)l |l <o as. (P,)
n k=1
for almost all w; € ;. Hence
n
(5.36) sup | 3 &upfl <o as.
n k=1

This proves (5.6) when x, = 0 in (5.5).
If xo > 0 in (5.5), let

¢ = {n,, if Ing | > x,, ¢ - X §§0<n2<x2,0
70 otherwise; Yo M7 Xo S <0

. =
0  otherwise.

By (5.5) we have P[[§, + ¢11 = x] > aP[lg,| > x] for all x > 0. So if we can

show that sup, [IZ7_, n, u;ll < oo as. implies

n

2 Gx + 8
k=1

then we will have by what we showed above that

(5.38) sup < as,
n

n
Z &ty
k=1

Assume sup,, [IZ¢_; m 4 ll < oo as. Since P[in,| > x] 2 P[5, = x] for all
x 20, we have

n |
(5.39) sup | 3 {kukl <o as,
n k=1
Hence it is enough to show that
n ’
(5.40) sup [ 30 Sittell <o as.
n k=1

For this we use the uniform nondegeneracy of the n,’s. Let a, b be numbers for
which (5.3) holds. Let
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a ifn, >a,
§e=13-a ifn <-a,
0 otherwise.

Now the {; are independent, symmetric random variables and (by (5.3)) P[In,| > x]
= bP[Ite|=>x] for all x > 0; hence again by the special case considered above we
have

(541 sup

n

n
3 trugl <o as.

k=1

Since the 5',"' are also uniformly nondegenerate and uniformly bounded, we now
conclude by Lemma 5.9 that (5.41) implies (5.40). This proves (5.6). The asser-
tion (5.7) follows by similar arguments which are omitted.

We need the following extension of Lemma 5.7 (5.16) in the proof of
Theorem 5.3.

LEMMA 5.11. Given the hypotheses of Lemma 5.7 assume that =1 My
converges a.s. Then Z._, N,y u, converges a.s. and

oAl 2221

PROOF. Since Z;_, ¢y u, converges a.s., by Theorem 5.1 Z;_ | A, m; 4y
converges a.s. because P[lcn,| = x] = P[IA, ;| 2 x] for all x > 0. Once we
know that both series converge a.s. we can use the proof of Lemma 5.7 with
IZ2=, Il replacing sup, |1Z7_ I

ProOF OF THEOREM 5.3. Case (i). x5 =0, = 1. Asin the proof of
Lemma 5.10 we can assume that both {n,} and {£;} are defined on the same
probability space (2, F,, P,) and that, for all k > 1, |n,| = |§,| a.s. We define
a Rademacher sequence {€,} on a probability space (£2,, F,, P,) and form the
product space (2, x &,, F; x F,, P, x P,) as before. We have

om ol ganl oo b
n k=1 n

n

2 Mk
where w; € Q, is held fixed when E, operates. We now apply Lemma 5.7 (5.16)
with A, = |Ek(col)Ilnk((.ol)l‘1 (= 0if & (w,) = n(w,) = 0). Since [\ <1
we see that the right-hand side in (5.42) dominates

E1|E2;<p<sup )i I | (sup
n k=1
This proves Case (i).

n
PICAACH A
CGase (ii). x5 = 0,0 <a <1. Let independent random variables e, , k > 1,

Z Myl

Z Ny

n
2 ey ()l

k=1

Z Exy
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be defined on (R,, F,, P,) such that Py(a, = 1) = o, P)(0, =0) =1 —a,
k>1,and let & = a, &, Since, for all x >0, P[In,| > x] = P[] > x] we

apply Case (i) to get (£,(e) = a)

b= e .0
n k=1

=E, LE2<¢<sup o !

2E, tp(supa
. \n

™ n
=E,|¢|sup
N n k=1

Z Ek“k

)
)

“kik“k

2(°‘k)¥k“k

I

where Jensen’s inequality applies since ¢ is convex. This completes the proof of
(5.8). The assertion after (5.8) follows similarly by using Lemma 5.11 in place of
Lemma 5.7.

We now consider the case x, > 0. Define {; and ;,; as in the proof of
Theorem 5.1. Then for all x = 0 we have

2 Exl

(543) Plgy + $i1 = x] > o[l | > x].
Applying the first part of this theorem (x, = 0), we get

J<eloeow £,

2 &y > G+

(5.44) E[p(sup 3 )] ,
n k=1

and using the facts that ¢ is nondecreasing and convex, we dominate the right
side in (5.44) by
1 2 1 2 &N

545 SE w(—mp )]-"-El}(-sw Sxu >]
(545) 2[an k=1 2 “n kz=:1kk
Since I, < Inl, and £, < x,, applying (5.8) to each part in the sum (5.45) we
dominate (5.45) by

1| (2 n 1| (%o
(5.46) iE[p(& s:p Z: Nilly )] +§E|Ep<—&— s:p )].
where {¢;} is a Rademacher sequence. (We know that sup, IZ7_, €, u;ll <o
a.s. by Corollary 52.) Let § = 2xoa"l To get (5.9) it remains to check that

A R )

Z Mgl

n
2 exl

k=1
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But this follows by observing that (5.3) implies P[In,a~'| > x] = bP[le,| > x]
forallx>0,k>1.

For the analogue of (5.9) when Z.°_, n, u, converges a.s. we use the same
proof, this time working with the assertion following (5.8). This completes the
proof of Theorem 5.3.

The proofs for general 0, follow easily from the following lemma.

LEMMA 5.12. Let n be a real-valued random variable satisfying (5.10) with
v and 8, and let 0’ be an independent copy of m, then P[ln — 7’| = x/2] =
8P[Inl = x] for x = 2.

PrOOF. By (5.10) and independence of n, 1’

8P[Inl=x] <P[lnl=x,In'|<7] <Plln-n'I=x~7] <P[ln-7'| =>x/2]

for x = 2v.

The proofs of Theorems 5.4, 5.5 and 5.6 follow by symmetrizing {n;} and
applying the corresponding result in the symmetric case with the help of Lemma
5.12. We will give the details only for the proof of Theorem 5 4.

PROOF OF THEOREM 5.4. Suppose sup, IZ7_; mu,ll < as. Let {n}
be an independent copy of {n,}. Clearly

n

2(7?k - n}c)uk
k=1

sup < as,
n

The sequence {2(n; — n})} is symmetric and satisfies (5.3) for some 2 > 0 and
b>0. Also by Lemma 5.12 and (5.11), P[2(n, — n})l = x] = adP[lg, | = x]

for x > x,. We can apply Theorem 5.1 to 2(n, - n}) and {£,} to obtain

sup,, IZ¢= £ ull <o as. This proves (5.12). A similar proof applies to (5.13).

6. Applications. We will now apply the results of the previous sections to a
variety of problems in Gaussian processes and series of random functions.

6(a). Gaussian processes. We will derive a theorem of Landau and Shepp [6].

Let {yp,} be a sequence of elements of B and let {Y,} be a sequence of
independent, identically distributed, random variables on (£, i, P). For w € Q we
write as before

n
(6.1) Sp(@) =2 ¢ Yj(w).
=1
We then have

THEOREM 6.1. Suppose M = sup, IS, || <o as. If Y, is Gaussian with
mean 0, variance 1, then there exists € > 0 such that E(exp(eM?)) < oo,

ProoF. By applying Theorem 3.8 we will first show that E(exp(eM)) < =
for some € > 0. Therefore by (3.25), taking § = 1, we need to show that for
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somea>0,a>0

o0 1 u2
62 exp(au log?u - du<oo
62) Z il p( ’ 2||¢,,u’>

(Note that [lp, |l # 0 may be assumed for all n.) Since M < o as. it follows from
Remark 3.2 that

6.3) 21 P(llg,ll 1Y, > N) < oo

for some A < 0. Using the well.known Gaussian tail estimate (6.3) implies

€4 . 2 o

exp(—A2/2llg,|I?) < .

For @ > 1 the sum in (6.2) is dominated by

5 [7 expi- 4 (1 - allg, ) du
(6'5) n=1 "‘pn" a 2|l¢"lll "
and since ||y, || must be bounded, the sum in (6.5) converges for suitable a > 0
by (6.4). Hence we have for some € > 0

(6.6) E(exp(eM)) <ee.
Thé proof of the theorem is now completed by the following argument which was
shown to us by S. R. S. Varadhan.

Let {Yn'j, n =1}, j 2 1, be independent copies of the sequence {Y,,n > 1},
and let S, ; = Z¢_; ¢ Y ;. Then for a> 0, m a positive integer

Sn,l oo +Sn,m
\/m >Nm ,

by noting that the Y, ’s are independent N(0, 1) and hence S,, has the same dis-
tribution as (S, ; + ...+ S,,’m)m"/ 2, Using Chebychev’s inequality we get

6.7) P(IS, || > ay/m) =P<‘

(68)  P(IS, , +*** +S, Il >am) < [Eexp (ellS, )] ™ exp(~eam).

Since [IS,,ll <M, combining (6.6), (6.7) and (6.8) we get
(69) P(IS, Il > av/m) < [E(exp(eM))] ™ exp (- eam)

where € does not depend on n. Hence by taking a sufficiently large, we get 0 <
p <1, independent of k, such that, form =1,

(6.10) P(IS, | > av/m) < p™.

This implies that 3¢, > 0, A < e°, independent of n, such that
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6.11) Eexp(e, IS, I%)) < 4.
Since S,, are symmetric, by Lemma 2.1, (6.11) gives

(6.12) E(exp(e, IM,11%)) < 24.

The result now follows by the monotone convergence theorem.

The following corollary of the above theorem was proved by Landau and
Shepp [6]. For a more general setting and a different proof see Fernique [2]
(see also [9]).

COROLLARY 6.2. Let {X,, n = 1} be an arbitrary sequence of real-valued
Gaussian random variables on (2, F, P). Let Z = sup,|X,|. Then
Z <o gs. = E(exp(eZ?)) < oo
for some € > 0.

ProOF. Let T= {1, 2, .. } with the discrete metric, i.. d(i, j) = 1 (0)
for i #j (i =), d denoting the metric. Take B = ((T) = all real bounded
sequences with the norm on B the sup norm. We can use the Gram-Schmidt pro-
cess, and for each n € T, write

(6.13) X, = i ¢ (MY,
=1

where the Y; are mutually orthogonal N(0, 1) random variables, and w;(n) fixed
real numbers determined by the joint distributiohs of the X n» and

6.14) Ex?) =3 ¢i(n)?.
j=1

Since the Y;’s are uncorrelated and Gaussian, they are mutually independent.
Hence the series in (6.13) converges ass. for each n. By Lemma 2.1, for alla > 0

and N positive integer,
> a>.
Letting N — oo, we have for alla > 0

P(\s,up sup sup |D % (n)Y; >a) <2P(;up [XNI>a),
>1k>11<n<N >1

=1
and since supy,, [ Xyl = Z < e as. by assumption, we have
k

2 ‘Pj(”)yj

j=1

3 ooy,

j=1

K
Plsup sup |30 g(n)Y; >a> <2P( sup -
j:l 1€n<N

k21 1<n<N

(6.15) sup sup  sup <o ags,

N>1k>1 1<n<N

The expression in (6.15) equals sup, 5, ,sup,,5, |23,-"=1 ¢;(n)Y;l = M, in the notation
of Theorem 6.1. Hence Z < « a.s. implies M < = a.s. and Theorem 6.1 applies
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to give an € > 0 such that E(exp(eM?)) < e°; since Z < M, the corollary follows.
6(b). Sums of independent Banach space valued random varigbles. The
following theorem is an immediate corollary of Corollary 3.5.

THEOREM 6.3. Let {X,} be independent random variables with values in a
separable Banach space B. Let {a,} €1P,0 <p <o Assume that Za, X, con-
verges a.s. and that E(| X, [|P) <c <o° for all k. Then E(|IZa; X, |IP) < e,

6(c). Random Fourier series. For 0 <t < 2m consider

(6.16) &) = i a,n, cos(nt + ®,)
n=0

where {n, eiq’"} is a sequence of independent complex valued random variables
(n, and &, are real random variables); E(n2) = 1 and {a,} €12. Since {z,} €12,
for a fixed ¢ the sum in (6.16) converges as. In the study of these series it is
natural to require that {a,} €12,

THEOREM 6.4. Assume that the series in (6.16) converges uniformly a.s.
and let ¢l = sup, |E(t). Then
(i) E(In,lP) <c <e,2 <p <o, implies E(JIE]IP) < oo
(i) P(in,l > u) < exp(— aulog! +® u) for some «> 0,8 > 0,and all u > 1
implies E(exp(ell£l))) < o= for some € > 0.
(iii) In,| <A < oo as. implies E(exp(MEl)) < oo for all X\ < oo,

Proor. (i) follows from Theorem 6.3, (ii) from Theorem 3.8 and (iii)
from Theorem 3.11.

REMARK. An extension of Theorem 6.4 (iii), under additional hypotheses,
is given in §6(d).

We now consider the question of whether the series in (6.16) converge uni-
formly a.s. To simplify the discussion we will assume that 7, eid)”, n=0,1,...,
are also symmetric. Let

— . 2 hh
o%(h) = n§0 a2 sin’ CR

3%(h) = nondecreasing rearrangement of o%(h), he€E|0,2n],
(see [4] for exact definition) and

_ (2 __o(®)
@ =, Hlog /) 12

If {n,} are independent Gaussian random variables with En, = 0, E n,z, = 1 then
I(6) < oo if and only if the series in (6.16) converges uniformly a.s. (see [7, §3]

for further discussion and references). In [7] it is also shown that J(3) < o°
implies that the series in (6.16) converges uniformly a.s. if the 1, are sub-Gaussian;



INDEPENDENT VECTOR-VALUED RANDOM VARIABLES 35

however, as far as we know, no inference has been made about the behavior of
(6.16) for non-Gaussian n,, when I(3) = °>. We can do this readily by applying
Theorem 5.1.

THEOREM 6.5. Consider the series in (6.16) with the additional assumption
that nne'q)", n=0,1,...,are symmetric. Suppose there existan o > 0 and
X such that

2
Plin 1 =x] 2 af: e ¥ 12dy
for all x > x,. Then I(G) = o implies that the series in (6.16) is unbounded a.s.

Proor. For @, = 0 the proof is an immediate consequence of Theorem 5.1
and the above mentioned result for Gaussian Fourier series. This result extends
to the general symmetric '0,,8 ®n by Theorem 3.1 in [7]. The dichotomy between
uniform convergence and unboundedness can be found in [5, p. 49].

6(d). Uniformly bounded random variables. By strengthening the hypothe-
sis of Theorem 4.8 we prove the results referred to in Remark 4.9.

THEOREM 6.6. Let {n;} be independent standard Gaussian random variables
and {u;} a sequence of elements in B. Let {§,} be independent symmetric real-
valued random variables satisyfing sup; |&,| < ¢ <0 a.s. Then if 2,:;, My U, COn-
verges a.s., so does Z;_; &, u; and

© 2
(617) Bty

for all real \.

PrOOF. The fact that I, &, u, converges a.s. follows immediately from
Corollary 5.2. It follows from Fernique [2] that since £, n, u, converges a.s.,
there exist A,, > 0 such that

oo 2
(6.18) B =’y oo

where A, — o as n —> oo, If the &, are symmetric and satisfy (5.3) with q, b,
let vy = max(2, 2c/ab). Clearly P[In,| = x] > P[l¢,| = x] for x > c¢. Given any
real A we can pick n sufficiently large by (6.18) so that

2 oo
E[ezuoxllzk=,,nkuk||’] <o
It follows from (5.9) that
w 2
(6.19) Ele™ =ty

Since Z._; &, u; converges a.s. implies that sup, |lu, |l <A (for some constant A),
we have
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2,2
(6.20) Ele ] <4’ <o

and (6.19) and (6.20) give (6.17).
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